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An undirected graph G is called a comparability graph if there exists an orientation of its 
edges such that the resulting relation on its vertex set is a partial order P. A comparability 
graph is UPO (i.e. uniquely partially orderable) if, except for its dual p-x, there is only one 
such partial order P. In this paper we show that lira,__*** G(rg UPO)IG(n) = 1, where G(n) and 
G(n, UPO) denote, respectively, the number of comparability graphs and UPO-comparability 
graphs on n vertices. As a consequence, G(n) is asymptotically equal to half the number of 
partial orders on n elements. 
1. Basic concepts 
In this paper a partial order on a set A will be an irreflexive and transitive 
binary relation. With a partial order P on A we associate an undirected, simple 
graph G(P) whose vertex set is A and in which distinct vertices a and /3 are 
connected by an edge iff they are comparable in P, i.e. a <p/3 or/3 <p a. G(P) is 
called the comparability graph of P. In general, a graph G is called a comparabil- 
ity graph if there exists a partial order on the vertex set V(G) of G for which 
G = G(P). A comparability graph G is called uniquely partially orderable (UPO) 
[1] if G = G(P)  = G(Q)  implies P = Q or P = Q-X, where Q-1 denotes the dual of 
Q. 
Let At,  /3 ~B, be mutually disjoint sets. For each /3 ~B let R~ be a binary 
relation on A a (i.e. a subset of A a x At) .  Moreover, let S be a binary relation on 
B. Then relation R on A := I_Ia~B At,  defined by 
Bw~.y 
is called the composition of the relations R~, /3 ~ B, and S, and is denoted by 
S[R, :/3 e n]. If 1 < IBI and B ~ A, the composition is said to be proper. A binary 
relation is said to be decomposable if it has a representation as a proper 
composition. Otherwise, it is said to be indecomposable or prime. 
An example is given in Fig. 1, where the binary relations (which are partial 
orders) are represented by directed graphs. 
The composition operation is a special case of a general composition for k-ary 
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R= S[Ra,Rb, Rc,R d] 
Fig. 1. A composition f partial orders. 
relations and set-systems which has many applications in combinatorics, optimiza- 
tion and operations research, cf. [5, 12] for more details. For graphs and partial 
orders, substitution is also known as the X-join [14] and the ordinal product [3], 
respectively. 
A more intrinsic characterization of decomposability is easily obtained by 
exploiting the embedding properties of the sets A a in the decompositipn. 
l,emma 1. A binary relation R on A is decomposable iff there exists a non-trivial 
subset B of A (i.e. [B[ > 1 and B ~ A)  such that 
(i) if (a, 13o)ER for some f3oEB, aEA \B,  then (a, [3)ER for all [3eB, 
(fi) if ({30, a) E R for some [30 E B, a E A \ B, then, (13, a) E R for all [3 E B. 
A subset B of A fttlfilling (i) and (ii) is called R-autonomous (equivalent 
notions in the literature are closed set, clump, partitive set or externally related 
set for graphs and module for partial orders, of. [5, 12]). 
It is easily verified that the base set A and the intersection Ni~zBi of an 
arbitrary family (Bi)i~z of R-autonomous sets are R-autonomous. This shows the 
following lemma. 
Lcmma 2. Let R be a binary relation on A. Then for each subset B of A there is a 
unique smallest R-autonomous set B containing B. It is called the R-autonomous 
closure of B. 
As an illustration of these concepts, consider the partial orders R and S of Fig. 
1. Then R is decomposable, while S is prime. The non-trivial R-autonomous are 
{1, 2}, {1, 2, 3}, {5, 6}, {8, 9}, {7, 8, 9}, {8, 9, 10}, {7, 8, 9, 10}. The R-autonomous 
closure of {7, 10} and {3,5} is, respectively, {7,8,9, 10} and A ={1, . . . ,  10}. 
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Fig. 2. Four comparability graphs and associated partial orders. 
Autonomous ets are closely related to the 'forcing' relation on the edge set of 
a graph G used to characterize comparability graphs (ef. [2, 7, 8, 15]) and have 
been applied for determining all partial orders P such that G(P) = G [15] and for 
the following characterization f UPO-graphs [15, 16]. 
Proposition 1. A comparability graph is UPO iff it has at most one non-trivial 
connected component and each non-trivial autonomous set of this component is an 
independent set of vertices. In particular, each prime comparability graph is UPO. 
This result is illustrated in Fig. 2. Graphs Gt and Gz are not UPO, since Gt has 
2 non-trivial connected components and (32 has the non-independent autonomous 
set {4, 5}. (33 and G4 are UPO, since the only non-trivial autonomous set {4, 5} of 
G3 is independent and 6;4 is prime. 
Based on this characterization f UPO-graphs, we shall proceed as follows. In 
Section 2, we show that a partial order P is prime iff its comparability graph G(P) 
is prime. Using asymptotic formulas for the number of partial orders [9], we show 
in Section 3 that almost all partial orders are prime, i.e. the fraction of prime 
partial orders on n elements tends to 1 as n tends to infinity. The results on 
UPO-graphs are then immediate consequences of these two sections. 
2. Prime partial orders and comparability graphs 
There is a rather strong relationship between the autonomous sets of a partial 
order P and its comparability graph G(P) which has been used for the develop- 
ment of decomposition algorithms for graphs and partial orders [5] and the 
66 R.H. Mfhring 
characterization of the factors of partial orders having the same comparability 
graph [11]. Here, we only need a special aspect of this relationship. 
Proposition 2. A partial order P is prime if/its comparability graph G(P) is prime. 
Proof. Let A denote the base set of P. Call a subset B of A P-convex, if 
/31 <P3" <P/32 for some /31,/32~B implies that 3"~B. Obviously, the P- 
autonomous ets are exactly those G(P)-autonomous sets which are P-convex. 
Thus P is prime if G(P) is prime. 
To prove the opposite direction, assume that P is prime but G(P) is not. Let B 
be a nontrivial G(P)-autonomous set. Since P is prime, B is not P-convex. So 
there exist /31,/32 ~ B and 3'0 ~ A \ B such that /31 <v 3"0 <e/32. Put 
B1 := {/3 B I/3 3"o}, B2 := {/3 B 1 3"0 
and 
C:={TeA\B I /3  <PT for all /3EB 1 and V <p/3 for all /3 ~B2}. 
We first show that C is P-autonomous. To this end, let a ~ A \C,  3"1, 3"2~ C 
such that, w.l.o.g., a <v 3'1. We must show that a <e 3"2. If o~ ~ B, this follows 
from the definition of C. If a~ B, transitivity of P implies that a <v/3 for all 
/3 ~ B2. Since B is G(P)-autonomous and a ~ C, one obtains a <p/3 for all/3 ~ B1. 
So again by transitivity, a <e 3"~. 
Similarly to the above argument, it is shown that B1 and B2 are G(P)- 
autonomous, though, in general, not P-autonomous. Let/~i be the P/-autonomous 
closure of Bi, i = 1, 2. Since each Bi is G(P)-autonomous,/~ is just the P-convex 
closure of B,, i = 1, 2. This, together with the definition of B1, B2 and C implies 
that /~x, /~2 and C are pairwise disjoint and that /~lt.J C and /~2U C are 
P-autonomous. 
Since one of these two P-autonomous ets must be non-trivial, we obtain a 
contradiction to P being prime. [] 
For the partial order R of Fig. 1, B ={7, 10} is G(R)-autonomous, but not 
R-autonomous. The proof then yields B1 =/~t = {7}, B2 =/~2 = {10}, and C = 
{8, 9}. In fact, chains of autonomous sets (such as {7}<{8, 9}<{10} in R) consti- 
tute the generic situation in which there are non-convex G(P)-autonomous sets, 
cf. [5, 11]. 
3. The asympto/ic behaviour of prime parlial orders 
The asymptotic behaviour of indecomposable structures within certain classes 
(e.g. graphs, tournaments, transitive relations, partial orders, m-complexes, inde- 
pendence systems) was investigated by the author [10] in connection with the 
applications of the composition operation mentioned above. In most of the classes 
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investigated, almost all structures proved to be prime. For those classes in which 
there is a 0-1 law for first-order properties (graphs and m-complexes [4] and 
(parametric) relations [6, 13]), this was shown to be a consequence of the 0-1 law; 
for others, among them partial orders and independence systems, purely com- 
binatorial methods were applied. The proof given here for partial orders follows 
the ideas of [10], but is based on better asymptotic bounds for the number of 
partial orders. 
Let P(n) and P(n, prime) be the number of partial orders and prime partial 
orders on A = {1, . . . ,  n}, respectively. 
Proposilion 3. Almost all partial orders are prime, i.e. 
P(n, prime) 
lim 
P(n) 
=1.  
The rate of convergence is exponential. 
Proof. The number of partial orders on A = {1 , . . . ,  n} for which a given k-subset 
of A is autonomous i clearly equal to P(k)P(n-  k + 1). Since P decomposable 
implies that there exists for some k e{2 , . . . ,  n -1}  a P-autonomous et of 
cardinality k, the number P(n, dec) of decomposable partial orders on A is 
bounded by 
e(n, dec)--- < ~ P(k )P (n -k  + 1). (1) 
k=2 
Put a(n, k) := (~)P(k)P(n - k + 1). We show first that 
a(n, k) <~ a(n, 2) for all k = 3 , . . . ,  n -  1 and sufficiently large n. (2) 
The proof of (2) is based on the bounds 
2n2/4+an/2-3 logn ~ P(n) <~ 2 "~/4+3~12+c lo~,, (3) 
given by Kleitman and Rothschild [9], where log denotes the logarithm with base 
2 and c is a constant. As a consequence of (3), one obtains 
P(n + 1) >I 2,v4 for sufficiently large n. (4) 
P(n) 
Now if m is fixed and n is sufficiently large, (4) implies for all k ~< m that 
and thus 
P(n  - k + 1) >I 2(._k)/4 >t 2(n_m)/4 ~ n" P (m + 1) >~- -  
P(n -k )  
n - k P (k  + 1) 
k+l  P(k) 
a(n,k) k+l  P(k) P (n -k+l )  
>~1 for k=2, . . . ,m.  
a(n ,k+l )  n -kP(k+l )  P (n -k )  
Thus, in particular, a(n, 2)~> a(n, 3)~ >- - -  >~a(n, 64) for sufficiently large n. 
68 R.H. M6hring 
The cases k~>64 in (2) follow from a(n ,k )=a(n ,  n-k+l )  and 
There exists noeN such that a(,n, k)<~a(n, 2) for all 64~<k~< [½n] 
and all n ~> no. 
(5) 
To show (5), observe that 
a(n, 2) 
a(n ,k)  
1 P(n - 1) 
nkP(k) P(n - k + 1) 
1 P (n -  1) P (n -  2) 
nkP(k) P(n - 2) P(n - 3) 
(4) 1 
nkP(k) 
P(n - k + 2) 
P(n - k + 1) 
2 t("-2)+("-a)++"-k+']/4 for sufficiently large n 
1 2[(n_l)(n_2)_(n_k+l)(n_k)]/8 
nkp(k) 
1 
>~ nkP(k) 2 t3~/2-4"1/8 since k ~½n 
(3) 1 213nk12_4n]18_k214_3k12_c log n 
23nk/16--n/2--k~/4--3k/2--c log n--k log n 
Thus a(n, 2) 1> a(n, k) ff 
b(n, k):= 3nk-½n-¼kE-~k-c  log n -k  log n I>0. 
Because of k ~<½n, we obtain that 
b(n, k )>~nk-~n-  k log n -c  log n 
>~nk-~n-~kn-3n  for n sufficiently large 
=~nk-2n~O for k>~64. 
From (1) and (2), we obtain that 
P(n, dec) ~< (n - 2)- a(n, 2) = n(n - 1)(n - 2)P(2)P(n - 1)/2 <~ n 3. P(n - 1) 
for sufficiently large n. Thus 
lim P(n, dec) ~< lim n 3 P(n - 1) (4) n 3 
.--,~ P(n) .--.® P(n) ~<1im®2("-1)/4=0" [] 
4. The asymptotic belmvioar of UPO-grapks and ¢o~bl l ty  graphs 
Let G(n), G(n, prime) and G(n, UPO) denote the numbers of comparability 
graphs, prime comparability graphs and UPO-graphs, respectively. Combining 
Propositions 1-3 then gives: 
"l'neorem 1. Almost all comparability graphs are UPO, i.e. lim,__,® G(n, UPO)/ 
G(n) = 1. The rate of convergence is exponential. 
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ProoL If P# 0, then P# p-1 but G(P)= G(P-X). Furthermore, G(P)= G(Q) for 
any two linear orders on A. Hence G(n)<~P(n)/2 for all n>~3. Similarly, 
Propositions 1 and 2 give G(n, UPO) >i G(n, prime) = P(n, prime)/2 for all n ~> 3. 
Thus, we have for n i> 3 that 
G(n, UPO) G(n, prime) P(n, prime)/2 
1>>. >1 - 
G(n) G(n) G(n) 
P(n, prime)/2 P(n, prime) 
P(n)/2 P(n) 
So, because of Proposition 3, 
lim G(n, UPO) = lira G(n, prime) = lira P(n, prime) = 1. []  
,--.~ G(n) ,,--,,~ G(n) ,,--,~ P(n) 
Corollary 1. Almost all comparability graphs are prime. 
Corollary 2. G(n) is asymptotically equal to P(n)/2. 
Proof. Corollary 1 is contained in the proof of Theorem 1. Corollary 2 follows 
from 
G(n) G(n, prime) P(n, prime) 
1~- - -~~ - --> 1 for n --> oo. I-'I 
P(n)/2 P(n)/2 V(n) 
Because of Corollary 2, the results of Kleitman and Rothschild [9] for the 
asymptotic enumeration of partial orders can be extended to comparability 
graphs. In particular, an explicit asymptotic formula can be given. Furthermore, 
almost all comparability graphs G prove to be of the following form: 
V(a )= Vl U V2U V3, 
with IV1[, IV3l = n/4+o(n), IV2[-~- n/2+o(n). Each Vi is an independent set of (3, 
vertex from V2 can be adjacent to vertices of V~ and V3, and two vertices a~ E V1, 
a te  V3 are adjacent iff there is a2e  V2 which is adjacent o both cq and a3. 
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